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When plantwide optimization problems must be decomposed and solved in pieces due
to numerical complexity or practical concerns, it is natural to view each plant division
as a separate profit maximizer. For a division to maximize its profit, howeover, it must
know the prices of interprocess streams. It is claimed that the correct way of finding
these prices is to define slack resources over the process streams and price them using
slack auctions. When slack auctions terminate properly, it can be shown that the plant
divisions’ solutions are globally optimal. How slack auctions are related to Lagrangean
relaxation and how they can overcome some of the problems that standard decomposi-
tion and relaxation techniques have are discussed.

Introduction

Centralized optimization may be the preferred way of solv-
ing chemical engineering problems, but there are cases where
decentralized approaches are more appropriate. Detailed re-
finery problems, for instance, are still too large to be solved
on-line all at once—in practice, each division in a refinery is
still optimized separately (Jerome, 1998). Also, even if suffi-
cient computing power were available, different and incom-
patible software is often used to model and operate different
unit operations, making integration and centralization diffi-
cult. In addition, when unit operations are managed by dif-
ferent people (and especially by different companies), it is
natural to optimize them with respect to existing divisions.
This is motivated by more than aesthetics. From a practical
perspective, a division prefers to conceal as much of its pri-
vate information as possible, otherwise, it is exposed to po-
tential manipulation. Decentralized optimization allows plant
divisions to restrict the amount of visible private information.

If plant divisions are all independent, then it is trivial to
solve a plantwide optimization problem using a decentralized
approach: the plantwide solution x* is simply the solutions
of all the component divisions taken together (see Figure 1).
In a chemical plant, however, this is rarely the case because
the divisions in a plant are not independent; they interact
with one another via interprocess streams (see Figure 2). If
the goal of each division is to maximize its own profit, then
each division must known the “prices” of those streams (see
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Figure 1. Modular optimization for independent plant
divisions.

Figure 3). One way of framing this problem is to use a supply
chain metaphor. A supply chain is simply a network of divi-
sions that buy and sell resources between each other. To solve
a plantwide optimization problem using this approach, one
must define the appropriate interprocess “resources” and find
prices which lead the divisions to a globally optimal state.

In this article we argue that the appropriate interprocess
resources are slack resources—the absolute difference be-
tween the desired stream states of the upstream and down-
stream units—and we claim that these slack resources can be
priced using slack auctions. When slack auctions terminate
with equilibrium prices which balance the demand for slack
with its supply, the plant is globally optimized regardless of
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Figure 2. Plant divisions interact because of interpro-
cess streams.

the convexity or continuity of the divisions’ underlying opti-
mization problems. In addition, we discuss how slack auc-
tions are related to Lagrangean relaxation methods and why
slack auctions can solve a class of common problems where
standard relaxation techniques fail.

Decentralized Optimization Using a Supply Chain
Metaphor

The supply chain idea originated in manufacturing and op-
erations research as a way of managing resource flows be-
tween companies (Axelsson and Easton, 1992; Vollmann et
al., 1997). Supply chain management in all its detail can be
quite involved: companies must forecast demands, decide
what products to produce, when to make them, and how to
get them to their customers. A typical supply chain spans
many companies and multiple industries. In principle, though,
a supply chain can also be defined over the divisions in a
single chemical plant. We call these supply chains microsup-
ply chains to distinguish them from the standard variety.

By viewing a plant as a microsupply chain, interactions be-
tween plant divisions can be framed as competition for lim-
ited resources. Mathematically, all resources are associated
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Figure 3. Plant divisions need to know interprocess
prices.
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with constraints of the form
D,+ -+ D, <8, 1)

where D; is the resource demand of Division i, and S is the
total resource supply. Divisions in a supply chain interact
when their overall resource demands exceed the available
supply. This interaction can be managed by charging the divi-
sions based on how much resource they desire: high prices
reduce demand, while low prices encourage it. When Divi-
sion i is charged based on how much resource it uses, its goal
is to solve

max  fi(x;)— p-Di(x;)

subject to: 2
Division’s private constraints,

where x; is Division i’s decision variable vector, f;(x;) is its
nominal objective function, p is a resource price vector, and
D;(x;) is the division’s resource demand vector. If resource
prices can be found which satisfy following equilibrium con-
ditions

M:

D;<S ()
i—1
X p(D—5) =0, (4)
j=1
p>=0 je{l, .., m}, Q)

then the sum of the divisions’ objective is globally maximized
with respect to the available resources (see the Appendix for
a proof of this result).

In order to apply this price-driven approach to plantwide
optimization problems, however, one must define the appro-
priate resources over the interprocess streams. Although this
seems trivial, it is not. The key problem is that the resources
in a microsupply chain are different from those in a typical
supply chain. In an ordinary supply chain, every company is
free to buy as much or as little as it wants; in a microsupply
chain, this is impossible. A plant division cannot dispose of
“resources” sent to it via process streams—it has no choice
but to accept the material regardless of how much it actually
demands. Interprocess streams cannot really be viewed as re-
sources. Mathematically, the problem is that interprocess
constraints do not “look like” resource constraints—they are
essentially physical consistency constraints like

c = C/-\,downstream' (6)

A, upstream

That is, the state of a stream leaving an upstream unit must
be the same as its state entering a downstream unit (barring
energy losses and so on). This is irrelevant for the purpose of
defining resources, and it also complicates the pricing of in-
terprocess streams.
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Figure 4. Improperly defined stream resources.

Difficulty in Pricing Interprocess Streams

The apparent way of pricing interprocess streams is to treat
the streams themselves as resources and have downstream
units pay the upstream ones based on the streams’ flow rates
(see Figure 4). While intuitively plausible, the reasoning be-
hind this is flawed. For one, because there is no resource
constraint of the form of Eq. 1, the proposed stream resource
is meaningless. Furthermore, because the downstream units
cannot dispose of any of the upstream material piped to them,
there is no notion of resource demand. Without meaningful
resources and resource demands, there can be no equilib-
rium prices.

Lagrangean substitution

One approach to pricing interprocess streams is to ignore
resources altogether and apply a standard decomposition
technique like Lagrangean substitution (see Findstein et al.,
1980)—this, however, has its own problems. Consider the fol-
lowing problem. Suppose a reactor division sends its output
to a separations division in order to purify some product A
(see Figure 5). Because the separations division produces ma-
terial for direct sale, it has strong preferences over what the
A concentration of Stream S, is. The reactor division, on the
other hand, is only concerned with its operating costs; it has
no preference over the actual quality of its output stream.
The objective functions for the reactor and separations divi-
sions (fg(C,) and fg(C,), respectively) are shown in Figure

S3
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Division Division

Figure 5. Reactor/separations system.
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Figure 6. Objective functions for the reactor and sepa-
rations divisions.

6. The overall optimization problem is to maximize the sum
of the units’ objectives subject to their private constraints

max fg(Cp)+ f5(Cp)
Ca
subject to: (7
Reactor division’s private constraints
Separations division’s private constraints.

In Lagrangean substitution, a microsupply chain is broken
up into independent divisions by tearing process streams.
Here, the stream connecting the reactor and separations divi-
sions is torn to create two variables: C,  for the reactor divi-
sion and C, s for the separations division (see Figure 7). The
overall optimization problem (Eq. 7) is then expressed in
terms of these new variables, but with the additional physical
consistency constraint that C, p =Cp g

max fr(Car)+ fs(Cas)
(CarCas)

subject to:
Reactor division’s private constraints (®
Separations division’s private constraints
Car=Cas:

Next, the consistency constraint is relaxed using a Lagrange
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Figure 7. Tearing a process stream to create upstream
and a downstream versions of C,.

multiplier

max
(CarCas)

subject to:
Reactor division’s private constraints
Separations division’s private constraints.

fR(Car)* fs(Cas) = A(Cas —Car)

C)

The problem is then decomposed into two subproblems. The
reactor division’s problem is

max

AR
subject to:
Reactor division’s private constraints,

fR(C:A,R) + )\CA,R
(10)

and the separations division’s problem is

max
CA‘S

fs(Cas)—ACss

subject to:
Separations division’s private constraints.

(11)

A is set to some initial value, and the subproblems are solved
to determine values of C, r and C, 5. The Lagrange multi-
plier A is repeatedly adjusted until the consistency constraint
is satisfied. Although this is a standard technique, it cannot
solve this problem: there is no A which causes the consist-
ency constraint to hold. When Lagrangean substitution is ap-
plied; it will not converge (see Figure 8). We discuss this fail-
ure in more detail in the section on slack auctions and La-
grangean relaxation.

Slack Resources

The difficulties in pricing interprocess streams occur be-
cause interprocess resources are not well-defined. One way
to overcome this is to remodel the microsupply chain, so that
meaningful resource constraints are evident. Consider the
consistency constraint in the Lagrangean substitution ap-
proach

CA,R = CA,s- (12)

This can be rewritten so that it has the form of a resource
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constraint

Car=Cas (13)
Car—Cas=0 (14)
ICar—Casl<0 (15)

1/2|Cpr—Casl+1/2ICa s —Casl<0.  (16)

DR DS
The lefthand side of Eq. 16 can be interpreted as an aggre-
gate demand for resources, Dy being the demand of the re-
actor division and Dg being the demand for the separations
division; the righthand side can be interpreted as a resource
supply. Since [C, g — C, sl is the amount of slack in Eq. 16
(actually, it is the negative of the slack), we call these new
resources slack resources. In general, Eq. 16 can be written as

an

where S> 0 is the slack resource supply. These slack re-
sources alter the structure of the plantwide microsupply chain.
Instead of one division being a seller and the other being a
buyer, both divisions are buyers—the seller of the slack is, in
some sense, a representative of the plant itself (see Figure 9).

Slack resources are the appropriate way of viewing micro-
supply chain resources, because they capture the idea of re-
source demand, resource supply, and resource scarcity. Slack
resources becomes scarce when the slack demand exceeds the
slack supply—when the reactor and separations divisions
want different values of C,. And the slack supply is essen-
tially the plant’s tolerance for how different C, ; and Cp g
can be. The slack demand can be controlled by charging the
divisions based on how much slack they desire. The appropri-
ate prices can be found using slack resource auctions.

1/2|Cp g —Casl+1/2|Cp g —Cp sl <SS,

Slack Resource Auctions

The goal of any auction is to find the prices of resources
with respect to a set of buyers (such as the divisions in a
plant). An auctioneer adjusts resource prices until the equi-
librium conditions (Egs. 3, 4, and 5) are satisfied. When re-
sources are sold at equilibrium prices, they are optimally allo-
cated in the sense that the sum of the divisions’ objectives is
maximized (see the Appendix).

A Dynamics

5 10 15 20 25 30 3
Iteration
Figure 8. Lagrangean substitution has convergence
problems.
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Figure 9. Remodeling the plantwide microsupply chain
using slack resources.

Consider the reactor division’s slack demand
Dr=1/2|Cp g = Cpsl- (18)

In order for the reactor division to compute this demand, it
must know the value of C, 5. Therefore, when an auctioneer
announces prices, it must also announce some reference value
of C, s for the reactor division to use. Denote this reference
as CQ s and call it the slack pole of the reactor division. Given
a slack pole and a price p, the reactor division solves the
following problem to compute its slack demand

max  fr(Car)— P-1/2ICp g — CAO,S|
CA‘R

subject to: (19
Reactor division’s private constraints.

The slack auction procedure is shown in Table 1. Suppose
the supply of concentration slack is S=0.0001 M, and sup-
pose for practical purposes that the auctioneer considers any
price less than $0.001/M to be sufficiently close to $0/M.
Following the procedure in Table 1, the auctioneer sets the
slack price p =$0/M. The separations division then responds
with its optimal operating point Cx s = 0.90 M (see Figure 6).
The reactor division being indifferent to C, responds with
some feasible value, say CX z =0.50 M. For these proposed
values of C,, the slack resource constraint is violated
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Table 1. Slack Auction Procedure for Illustrative Problem

The auctioneer sets the slack price p =$0/M.
The divisions solve their problems and respond with C%  and C% s.
If equilibrium conditions hold:
Stop. The global solution has been found
Until equilibrium conditions hold or if p is sufficiently close to
$0/M:
The auctioneer sets C3 s = C g.
The auctioneer sets C2 g = Cx .
The auctioneer adjusts p.
The auctioneer announces p, Cg g, and CJ ¢ to the divsions.
The divisions solve their problems and respond with Dg, C} &
and Dg, C% s.
Stop. The global solution has been found.

1/210.90—0.50|M +1,/2/0.90— 0.50| M = 0.4M « 0.0001 M.
(20)

Since the resource constraint does not hold, the auction must
continue. In the second iteration, the auctioneer sets CQ =
Cir=050 M and CJ r=Cks=0.90 M. It raises the slack
price and announces p, CR g, and C3 5 to the divisions. The
reactor division responds with Dg =0, CX g =0.90 M, and
the separations division responds with Dg =0.20 M, C} s =
0.90 M. Since the slack resource constraint is still violated,
the auctioneer must raise prices again. The remaining itera-
tions are shown in Table 2. The slack auction terminates at
an equilibrium price of $0.001/M = $0/M and at C, g =Cx g
=0.90 M, which is the global solution to this problem. Al-
though this is a simple optimization problem, recall that La-
grangean substitution was unable to solve it.

Remarks

One might argue, from a computational perspective, that
slack resources should be defined using a square function
rather than an absolute value. In other words, that Eq. 16
should be expressed as

1/2(CA,R_CA,S)2+1/2(CA,R_CA,S)ZSO' (21)

While square functions are easier for numerical solvers to
handle (because of smoothness), there are several reasons for
defining slack resources as absolute differences. First of all,
when the divisions’ proposed slack poles are moderately far
apart, a squared difference tends to exaggerate the required
demand in the same way that the integral of the squared er-
ror (ISE) attaches proportionally more weight to moderate
controller error. Likewise, as the slack demand decreases, a

Table 2. Slack Auction Results for Reactor/Separations

Problem
Iter. p (/M) CK‘R M) Dg (M) Ci,s (M) Dg (M)

1 0.0 0.50 — 0.90 —

2 1.0 0.90 0.00 0.90 0.20
3 10.0 0.90 0.00 0.90 0.00
4 1.0 0.90 0.00 0.90 0.00
5 0.1 0.90 0.00 0.90 0.00
6 0.01 0.90 0.00 0.90 0.00
7 0.001 0.90 0.00 0.90 0.00
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squared difference tends to underestimate the actual de-
mand, leading to slack prices which are artificially depressed.

Squared differences are less natural and less physically
meaningful. When a plant operator wants a process stream to
be hotter, he does not think in terms of increasing the
“squared temperature,” nor does a plant manager think to
increase the ‘“squared production rate” of a particular com-
pound. It is more natural to think in terms of absolute values,
and it is easier to interpret the associated slack prices when
slack resources are defined this way. Squared differences add
a layer of artificiality to the procedure.

Using squared differences also leads to something called
price discrimination. Price discrimination occurs when the
amount that one person pays for a resource is different than
what another pays for the same resource. From a numerical
point of view, price discrimination is unimportant. When
dealing with multiple decision-makers, however, price dis-
crimination can encourage strategic behavior like lying and
cheating, which can complicate the solving of the optimiza-
tion problem.

Optimizing a Cyclohexane Plant by Pricing
Interprocess Streams

Consider a plant that produces a liquid cyclohexane by hy-
drogenating benzene. The plant receives benzene and hydro-
gen feeds at no charge from another plant in the same com-
pany, but has the option of buying more hydrogen from an
external market (see Figure 10). The price of market hydro-
gen is fixed at $0.28/mol, but the cyclohexane price depends
on the mole fraction of cyclohexane according to

Pe(Xc) = 0.66%,/kg +654.538/kg X ( xc —0.9970), (22)

where pc is the market price of cyclohexane at a cyclohexane
mole fraction x.. Market hydrogen and plant hydrogen are
mixed in Mixer M1 and sent to Heater H1 along with a ben-
zene stream for preheating. This combined stream is sent to
Reactor R1 and reacted to equilibrium at the preheated tem-
perature. The outlet stream is then cooled and sent to a flash
vessel whose liquid outlet is taken as the cyclohexane prod-
uct.

So
S1 .
Hydrogen Mixer
Ss
Sy
S. S, S,
R 7 * A i F1 | Flash
MM S
Sq
Feed Preheater Reactor

Figure 10. Cyclohexane plant.

580 March 2000 Vol. 46, No. 3

Table 3. Stream Descriptions

Stream T (K) P (atm) Description
SO 422.0 10.0 Plant hydrogen: 300 mol/h
S1 4220 10.0 Market hydrogen
S2 4220 10.0 Combined hydrogen feed
S3  297.0 1.0 Plant benzene: 100 mol/h

S4 477.6-560.9 1.0
S5 477.6-560.9 1.0

Reactor feed: hydrogen and benzene
Reactor outlet: cyclohexane,
hydrogen, and benzene
Flash vapor stream: hydrogen, benzene,
cyclohexane
1.0 Product stream: cyclohexane, benzene

S6  297.0-366.5 1.0

S7  297.0-266.5

The heater H1 can operate between 477.6 and 560.9 K;
the flash vessel can operate between 297.0 and 366.5 K. The
basis for calculation is 100 mol/h benzene. Vapor pressures
are estimated using the Antoine equation; the optimizer
FSQP (Zhou and Tits, 1997) is used to solve the reactor and
flash models. All units use water with a 5.5 K rise for cooling
and a 400 Ib steam for heating. The input stream properties
are shown in Table 3, and the utility and material costs are
shown in Table 4.

Problem description

The goal of this problem is to find a steady operating state
which maximizes the plantwide profit. In most centralized
approaches, one explicitly defines decision variables and con-
straints for every state variable of every stream and every unit
operation in a plant, potentially leading to hundreds of thou-
sands of variables and constraints. Many of these are aggrava-
tion variables and aggravation constraints which are neces-
sary internally, but which add nothing useful to a high-level
description of the problem. In truth, the number of actual
decision variables is usually quite small; it is always equal to
the number of degrees of freedom in the design problem. If
there are no degrees of freedom, then a plant is “optimized”
by solving the equations making up the plant model. Only
when the design problem is underspecified does plantwide
optimization make any sense. In this problem, there are
dozens of aggravation variables and constraints, but there are
only three degrees of freedom. We use F;, T,, and T, as our
decision variables (see Table 5 for a description of the nota-
tion for this section).

The plantwide optimization problem is to maximize the
overall profit

max  pc( x;(Fy,T, ,T7)) *F(F,T,,T7) - MW
Fl'T4'T7

Revenue from cyclohexane product
- Pu - Fy Ps* Qui(Fy,Ty)
Preheater steam cost

Hydrogen cost
= Pw Qri(F1Ts)  — Puater' Qra(F1. T4, T7)
Flash cooling cost

Reactor cooling cost

Table 4. Utility and Material Costs

Description Price

400 Ib steam ps = $5.51 per 1,000 kg
Cooling water pw = $0.013 per 1,000 L
Market hydrogen py = $0.28/mol
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Table 5. Notation for Cyclohexane Example

Fy = total molar flow rate of stream S, (F, € ®p,1)

T, = temperature of stream S, (T, € ;)
X, = mole fraction of cyclohexane in stream S, (x, € ®g)
MW, = molecular weight of cyclohexane
Qyy; = preheater’s heating load in terms of steam (Qy; € @)
Qg = reator’s cooling load in terms of water (Qg; € ®;)
Qp; = flash’s cooling load in terms of water (Qg; € ®,)
¥ = mole fraction in the reactor outlet on a hydrogen-free basis
(Jedg)

H:B = hydrogen to benzene ratio in the reactor feed (H:B € @)

subject to

0.0 mol/hr < F; <o mol/hr
4776 K <T, <5609 K
2970 K <T,<366.5K

The objective is nonlinear and continuous, all the decision
variables are continuous, and the problem constraints are lin-
ear and convex. The objective is evaluated by simulating the
cyclohexane plant for given values of F,, T,, and T,. The
solution to this problem is shown in Table 6.

Defining the microsupply chain

Defining the units in a microsupply chain and deciding on
the slack resources is a hard problem. There is no one right
way to do this. Our main goal here is to show how microsup-
ply chains can be optimized, not necessarily how to define
them. Therefore, let us define the microsupply chain in the
obvious way: tear S4 and S5 to create a feed division, a reac-
tor division, and a separations division (see Figure 11). The
slack resources we have chosen to use are defined over T,,
H:B, and V.

During the auction, the feed division’s problem is to solve

max —Pn * Fi=Psr Qua(F1. Tye) —pr, 12Ty~ Tyxl
Fi.Tar HBE
~ Pre"1/2HBe(F) —HBR| (23)
subject to

Feed division’s modeling equations
0.0 mol/hr < F; <o mol/hr
4776 K < T, <560.9 K

The reactor division’s problem is

max  — ps* Qry( Fi(H:Bgr),Tyr) — pr, /2| Tyr— T¢|

TsrHBg
= Pre1/2H:Br— H:B|— py 1/2|Fp(T4r H:Bg) — ¥l

(24

Table 6. Solution to Cyclohexane Problem

Variable Value
Fy 10.70 mol/h
T, 477.6 K
T, 310.65 K
Objective 12.49 $/h

So
Y
51
— M1
Se
Sz
S3 Silp Syr S5 Sss
» H1 > » A1 —» . F1
S7
PRrs _——>
Feed Division Reactor Division
Separations Division

Figure 11. Decomposing the cyclohexane plant.

subject to

Reactor division’s modeling equations
0.0 mol/hr < F; <o mol/hr
4776 K < T,z <560.9 K.

And the separations division’s problem is
;nﬁ}rx Pc(X7(¥s.T7)) - F7 (s, T7) - MWe — py, - Qey( ¥s, T7)
S 17

= py 172155 — Tl (25)
subject to

Separations division’s modeling equations
0.0 mol/hr < F, <o mol/hr
297.0K <T, <366.5K.

The slack auction procedure for this problem is shown in
Table 7—we assume that the slack supplies are all zero. When
a slack auction is applied to this problem, it terminates in 13
iterations; the final slack poles and slack prices are shown in
Table 8, and the corresponding solution is shown in Table 9.
Note that the slack auction solution is identical to the global
solution as prescribed by Theorem 2.

Table 7. Slack Auction Procedure for Cyclohexane Problem

The auctioneer sets pr,, py.g, and pg all to zero.
The feed division responds with Tj: and H:BE.
The reactor division responds with T,%, H: B"F;, and V&.
The separations division responds with VZ.
If equilibrium conditions hold:

Stop. The global solution has been found
Until equilibrium conditions hold:

The auctioneer sets T, = T;= and T = T40R

The auctioneer sets H:B% = H:B% and H:BY

The auctioneer sets 73 = 7% and 7 = ¥.

The auctioneer adjusts pr,, Prg: and pg.

The auctioneer announces prices and slack poles to the divisions.
The feed division responds with D+ ;' T4IE and Dy, , H:BE.
The reactor division responds with o Tir: Dyg, H:BR; and
Dy... V&

The separations division responds with Dy, , V&,

= H:Bj.

Stop. The global solution has been found.
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Table 8. Auction Results

Slack Resource Price Upstream Pole Downstream Pole
T $1.44/K /h 477.6 K 477.6 K
H:B $0.64/h/pph 3.107 3.107
y $7.42/h/ppt 0.99950 0.99950

Remarks: recycle loops

It is natural at this point to ask whether the presence of
recycle loops poses any difficulties to a slack auction. In short,
it does not. Recycle loops can only lead to problems when
the decisions a unit makes at some point in time eventually
result in its making amplified versions of those decisions later
on (that is, when there is the possibility of positive feedback).
This should not happen during slack auctions for two main
reasons. In the first place, a slack auction starts by having the
units find their optimal operating points independent of the
other units in the system. This initial state cannot be im-
proved upon during the course of the auction, because the
slack prices are always nonnegative. Increasing the slack price
in a recycle loop can only drive the state of a unit away from
its optimum—it cannot lead to a state of positive feedback.
Secondly, the feedback of slack resource information in a re-
cycle loop is different from the feedback of ordinary informa-
tion. The feedback of ordinary information may lead to insta-
bility. Slack resources, however, are always defined between
two units with competing interests. (For the degenerate case,
where there is only a single unit, the “competing” interests
are one and the same, and the slack demand in the recycle
loop will always be zero.) The presence of slack resources
tend to “pull” the units away from their optimal operating
states—it can never enhance them. At equilibrium, the slack
prices in a recycle loop balance the benefits of a unit's ac-
tions vs. the cost of their effect on the unit in the form of
feedback. The authors have demonstrated the application of
slack auctions to problems with recycle loops elsewhere (see
Jose and Ungar, 1998).

Slack Auctions and Lagrangean Relaxation

Slack auctions fall under the heading of decomposition and
Lagrangean relaxation in optimization theory (Mesarovit, et
al., 1970; Lasdon, 1971; Bertsekas, 1976). In slack auctions,
plantwide optimization problems are decomposed by relax-
aing interprocess resource constraints; this is manifested as a
slack resource charge that each unit pays during the auction.
Although slack auctions are a kind of Lagrangean relaxation,
they are different from traditional techniques in that they re-
lax only resource constraints. In general, relaxation tech-
niques like Lagrangean substitution relax constraints even if
they are not resource constraints. This leads to improperly
defined resources and to potential convergence problems as

Table 9. Slack Auction and Global Solutions

Variable Auction Global
Reactor Temp. 4776 K 4776 K
Market Hydrogen 10.70 mol/h 10.70 mol/h
Flash Temp. 310.65 K 310.65 K
Objective $12.49/h $12.49/h
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Figure 12. Method of Lagrange multipliers.

we saw in the section on difficulty in pricing interprocess
streams. In this section, we discuss why Lagrangean substitu-
tion has difficulty solving some simple, but common prob-
lems.

Case 1: indifferent divisions

When one or more divisions are indifferent to the value of
an interprocess stream state, Lagrangean substitution will fail.
This failure can be explained using the Method of Lagrange
Multipliers.

Consider the following optimization problem

max  f(xq, X;)
X1, Xp

subject to: (26)
g( Xy, ) =0,

The solution to this problem can be found by plotting the
constraint g(x)=0 and the level sets of f(x) on a single
graph. The solution occurs where the objective is tangent to
the constraint curve—where the gradients of the objective
and of the constraint point in the same direction (see Figure
12). This condition can be concisely stated as

Vi(x*) = AVg(x*), (27)

where A is the Lagrange multiplier and (x*) is the optimal
solution.

Now consider the reactor/separation problem (Eg. 8) be-
fore it is decomposed into subproblems

max fR(Car)* fs(Cas)

Car:Cas

subject to:
Reactor division’s private constraints (28)
Separations division’s private constraints
Car=Cas:

Plot the constraint C, r —C, s =0 and the level sets of the
objective function together (see Figure 13). Because the level
sets are never tangent to the constraint line, the only place
where Vf = AVg is true is where Vf =0 and A= 0. This is the
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Figure 13. Gradients of the objective and the con-
straints are never parallel.

correct answer for the problem before it is decomposed, but
after decomposition, a Lagrange multiplier of zero is useless.
A multiplier of zero implies that the consistency constraint
can be ignored. This is only true when both divisions choose
the same value of C, independently of each other. In
general, this is not the case, and ignoring the consistency con-
straint results in infeasible candidate solutions and conver-
gence failure. Thus, Lagrangean substitution cannot be ap-
plied to these types of problems.

Case 2: divisions with linear objectives

Consider the following optimization problem
max  kyx; + Ky X,
X1: X2
subject to:
Division 1’s private constraints (29)
Division 2’s private constraints
X1 = Xz,

where k;, k, >0 and x,, X, € ®. Applying Lagrangean sub-
stitution yields the following subproblems

max K;X; + AX;
X1

subject to: (30)
Division 1’s private constraints,

and

max K, X, — AX,
X2

subject to: (31)
Division 2’s private constraints.

If A> — Kk, then Division 1 proposes its maximum feasible
value of x,; if A< —Kk,, then Division 1 proposes its mini-
mum feasible value. Likewise, if A > k,, then Division 2 pro-
poses its minimum feasible value of x,; if A <k,, it proposes
its maximum feasible value. Since, in general, all of these
possible proposals are different, there is no A which can cause
the relaxed constraint x, = x, to hold. Thus, Lagrangean
substitution will not converge here either.
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Case 3: divisions with piecewise linear objectives

Now consider the general case where both divisions have
piecewise linear objectives. It can be argued that the global
optimum occurs at one of the breakpoints of one of the divi-
sion’s objective functions (see Figure 14). If not, then the op-
timum must lie between adjacent breakpoints of both divi-
sions’ utility functions. However, since the objectives for both
divisions are linear over both intervals, their sum must also
be linear. Thus, if the sum is not zero, there must be a direc-
tion where the sum of the objectives increases. However, this
contradicts the assumption that the optimum did not occur at
a breakpoint; therefore, the global optimum must lie at one
of the divisions’ breakpoints. (In the case where the sum of
the divisions’ objectives over the interval is zero, then at least
one of the divisions’ breakpoints must be no worse than any
point in the interval—pick that breakpoint to be the global
optimum.)

It follows that the divisions will only propose stream states
lying at breakpoints in their objectives. Adjusting A only
causes the divisions to change the breakpoint they
propose—it can never make them select points in the inter-
val between two adjacent breakpoints. Since, in general, divi-
sions have no breakpoints in common, there is no A that
causes bhoth divisions to propose the same stream states and
Lagrangean substitution will fail.

Lagrangean substitution cannot force divisions to select
points lying between breakpoints in their objectives; slack
auctions do this naturally. Slack auctions allow divisions to
propose points which are not breakpoints of their nominal
objective functions by temporarily adding new kinks or break-
points to their objectives via the slack resource charge. If the
divisions’ objectives are concave, then, at the end of a slack
auction, the final kink will coincide with the system solution.

Conclusion

In this article, we described how modular plantwide opti-
mization could be accomplished by pricing interprocess
streams. The initial difficulty with pricing streams, however,
is that they cannot be treated as traditional resources in a
mathematical programming sense. By remodeling chemical
plants using a supply chain metaphor with an emphasis on
meaningful resources, it became evident that slack resources
are the appropriate way of viewing interprocess streams.
These slack resources were priced by running slack auctions;

fA

Breakpoint of piecewise linear function

>
>
z

Figure 14. Piecewise linear objective function.
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when slack auctions terminate with equilibrium slack prices,
the plant can be proved to operate at a globally optimal state.

Equilibrium slack prices can be used for more than the
decentralized optimization of chemical plants. These prices
can also be used to identify areas which may benefit from
process redesign by estimating the return on capital invest-
ments. For instance, a temperature slack price measures the
benefit of adding a heat exchanger to a process stream, and a
concentration slack price determines the highest price a plant
manager should pay for intermediates from another company
or on the open market. Because slack prices can measure the
costs of interaction between plant divisions, it is conceivable
that they can also be used to define cost-based analogs of
standard controller performance indices such as the integrals
of the squared and absolute error (ISE/IAE). Rather than
minimizing the controller error, one could minimize the cost
of controller error. Control systems designed with this goal
should outperform those based on generic measures.

Notation

&, =metric space consisting of all numbers with the same physical
type as «
n =number of divisions in the system
m = number of resource types
i =index referring to a generic division
j=index referring to a generic resource
X; =set of options available to Division i
x; =one of Division i’s options (x; € X;)
X =Cartesian product of all X; (X =TI}_; X;)
x =tuple of the divisions’ options (x € X)
®4 =metric space representing money
f; = objective function for Division i (f;: X; = ®g)
R; =metric space whose elements represent amounts of Resource j
R = Cartesian product of all resource types (R =11 ;R;)
d; =function that gives Division i’s resource demand for pursuing
an option in its feasible set (d;: X; = R)
d; j =function that gives Division i's demand for Resource j (d; ;: X;

- R)
D; =D; =5:?:1di’-(xi), a function that returns the total demand for
Resource j (D;:X — Rj)
P; =metric space representing prices of Resource j
p; =nonnegative price for Resource j (p; € P;)
P =Cartesian product of all prices (P :,HJT":le)
p =nonnegative price vector (p € P)
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Appendix: Global Optimality of Slack Auctions

The auction formulation essentially converts an optimiza-
tion problem of the form

max 3 1(x)

Xpy oo X j=1
subject to:
n
Y di(x)<S
i=1
X; € X;

(AD)

forie{1, ..., n}.

into a separable problem by relaxing the resource constraints;
the first step is to prove that separable problems can be solved
by optimizing each piece of the problem separately. The next
step is to show that at a given set of prices, the solution to
the relaxed problem solves a variant of the original problem.
Under certain conditions, this variant is identical to the origi-
nal problem and the solution to the relaxed problem there-
fore solves the original problem; these conditions are exactly
the auctioneer’s equilibrium conditions Egs. 3, 4, and 5. The
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final step is to invoke the separability results to show that the
auction formulation yields solutions which are globally opti-
mal.

Optimizing separable problems

A function f(x,, x,) is called separable if it can be ex-
pressed as the sum of two functions—one depending only on
X, and one depending only on x,

f(x1, %2) = f1(xy) + f(X2). (A2)
A feasible set F C X; X X, is separable only if F= X; X X,
—in other words, when x, and Xx, can be chosen inde-
pendently of one another and always be feasible. An opti-
mization problem is called separable if its objective is separa-

ble and if its feasible set is separable. For instance, consider
the following problem

max  f(xq, X;)
X1, Xg

subject to:
(X1, X,) €F.

(A3)

This problem is separable if it can be expressed as

f1(x)+ f2(%2)

subject to:
(X, Xp) EF= X X X,.

max
X1, X

(A4)

If an optimization problem is separable, then its solution
can be found by solving pieces of the problem separately.

Lemma 1: The solution to the problem.
max i (x;)+ f(x,)
X1, X2
subject to: (A5)
(X, X)) € Xy X X,
is (x¥, x,), where x¥ solves
max f;(x;)
XI
subject to: (A6)
X; € X.
Proof. Suppose not. Then there is some (X, X,) such
that

fi(x3) + f(x3) < f(R) + Fo(K2). (A7)

By definition, f,(x¥)> f,(X;) and f(x¥)> f,(X,). Summing
these two inequalities yields

f.(XE) + f2(x3) = 13(Ky) + 12(%y). (A8)
But this contradicts Eq. A7, and the lemma is proved.
AIChE Journal March 2000

Theorem 1. The solution to the problem

n

max Yy

i=1

fi(x)
subject to: (A9)

n
(K oo X0 € T,

is (xF, ..., x¥), where x¥ solves

max

: fi(x)

subject to:
X; € X;.

(A10)

Proof. The proof is by induction. Let S(k) be the propo-
sition that the solution to the problem

K
2 fi(x)

i=1

max
Xqsoeos Xg

subject to:

(QETINTY Xk)e_ﬁ X

i=1

(A11)

is given by (x¥, ..., xif). If S(k) is true, then S(k +1) is true
because Lemma 1 can be applied to the problem

k
max ( )y fi(Xi)) + frei(Xes 1)
(Xgy voos Xis X D) =1

subject to: (A12)

k
(X100 X Xk+1)€i1__[lxi>< X1

Since S(1) is true by definition, the theorem is proved.

Optimizing relaxed problems

The following lemma is a key result from the optimization
literature regarding the solution to relaxed problems. Since
the proof is short and instructive, it is presented here for the
reader’s benefit. The power of this result is that it is true for
any optimization problem regardless of its convexity, continu-
ity, discreteness, and so on.

Lemma 2 (Everett, 1963). If x* maximizes

m
fO)— X pDi(%), (A13)
i=1
then x* solves
max f(x)
X
subject to: (A14)

D(x) < D(x*)
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__Proof. Let X be the feasible set for the problem above:
X ={x:D(x) < D(x*)}. By the definition of x*, for any x € X

()= L ppy(x) = 10~ L gDy (1), (AS)
P

j=1

or
f(x*) = f(x)+ X p(D;(x*)—Dj(x)). (A16)
-1

Because Eq. Al6 is true for any x € X it is also true for
Xe X c X. Since D;(x*)— D;(X)> 0 by definition of X and
since p; > 0 by supposition, the summation on the righthand
side of Eq. A16 is positive. However, this implies that f(x*)
> f(X) for every X € X, and the lemma is proved.

The above result shows that solutions to the relaxed prob-
lem at a given set of prices p also solve a variant of the origi-
nal problem, a variant in which the resource demand is con-
strained to be less than D(x*). An immediate corollary of
this result is that if p is chosen such that D(x*) =S, then x*
solves the original problem Eq. Al.

Corollary 1.  If x* maximizes the problem
m
f()— X pDj(%), (ALT)
j=1
such that
D(x*) =5, (A18)
then x* solves Eq. Al.
Proof. By Lemma 2, x* solves
n
max 2 fi(x)
X1y cees Xp i=1
. (A19)
subject to:

D(x)<D(x*)=S

Since this is exactly Eq. Al, the corollary is proved.

While this is a useful result, the conditions are somewhat
restrictive. These restrictions can be loosened so that D(x*)
may be less than S by introducing complementary slackness.

Lemma 3. If x* maximizes the function
m
f()— X pD;(%), (A20)
i=1
such that
D(x*)<S, (A21)
and
m
X p+(Dy(x*)— ;) =0, (A22)

1

j
then x* solves Eq. Al.
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Proof. Let A={j:D;(x*)=S}. Thatis, A is the set of all
indices associated with the constraints that hold with equality
(or that are active) at x*. Define a variation of Eq. Al as
follows

n

2 fi(x)
i=1
subject to

¥ di(x)<S,

i=1

(A23)

where di: X; = IT;c oR; such that d ;(x;)=d; ;(x;)) for j € A;
and S’ e 1'[je AR; such that Sj =§; for j € A. In other words,
this is just Eq. Al without the constraints which are inactive
at x*.

Let x'* maximize the function

f(x)— X p;D;(x). (A24)
JEA
By the defintion of A,
n
2 di(x*) =5 (A25)

i=1

Then, by Corollary 1, x* solves Eq. Al.
Note that for j€ A, Dj(x’*)= S;, and for je{1, ..., m}—
A, D{(x"*) <S;. Therefore,

Zn: di(xi*) <s,

i=1

(A26)

which is the same as Eq. A21. Moreover, given Eq. A22, Eq.
A24 is equivalent to Eq. A20. Therefore, x'* also maximizes
Eqg. A20 such that Egs. A21 and A22 are true, and we can
identify it as x*. A

Since the feasible set X' of Eq. A23 contains the feasible
set X of Eq. Al as a subset and since the objectives of Eg.
A23 and Eqg. Al are equal, f(x*)= f(x) for every xe X.
However, because x* satisfies Eq. A21 x* € X. Therefore,
x* solves Eq. Al.

Note that if j € A, by definition, Dj(x*)= S;,and if j& A,
then Dj(x*)< S; and p;=0. In other words, x* solves the
original problem if it solves

max f(x)— Y p;D;(x)
X i=1

subject to:
Di(x)=S; forje A (A27)
D; <5 forj& A,
pj=0 forjg A,
or equivalently, such that
pi*(Dj(x)=S;)=0 forje{l,...,m} (A28)
Di(x)<S forje{l, ..., m}. (A29)
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However, since this is equivalent to

M

pi*(Dj(x)—S;)=0 (A30)

1

J

D(x) <5, (A31)

the lemma is proved.

Proof of the main result

Now we have enough theoretical support to prove our main
result.

Theorem 2. For each Division’si, define the following prob-
lem for a given set of prices {p;, ..., pm}

max  fi(x;)— % pdi (%)
Xi i=1

32
subject to: (32)
Xi € X
and denote its solution as x
If
n
Y di(xf) <, (A33)

i=1

and

o8

p+(D;(x*)—S;) =0, (A34)

j=1

then (x¥, ..., x¥) solves Eq. AlL.
Proof. By Theorem 1, the tuple (x5, ..
following problem.

., X*) solves the

n

max Y,

Xt Xn =g

fi(x)— % pidi i (X1, (A35)
=1
or

max f(x)— i p;D;(x). (A36)
X i=1

Because Eqgs. A33 and A34 are true, (x¥, ..., x¥) also solves
Eg. Al (by Lemma 3). The theorem is therefore proved.
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